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INTRODUCTION
Pareto's pioneering work in modeling the distribution of income was published more than a century ago. He observed that, in many cases, an approximately linear relationship existed between different income levels and the number of individuals receiving at least that level of income. While the Pareto distribution often provided an accurate model of the upper tail of the distribution, it did a poor job of describing the lower tail. Since inaccurate estimates of distributions can result in misleading policy implications, this led to the consideration of different distributions that more accurately modeled income.
Gibrat's (1931) law of proportionate effect provided a theoretical foundation for the use of a twoparameter lognormal distribution, which was studied in more detail by Aitchison and Brown (1969) . Battistin, Blundell, and Lewbel (2009) used the lognormal to compare the distribution of income and consumption across households. Other two-parameter models include the gamma (Salem and Mount, 1974 ) and the Weibull (Bartels and Van Metele, 1975) . While these two-parameter models provide increased flexibility relative to single-parameter models, they do not allow for intersecting Lorenz curves, which frequently arise with income data.
Intersecting Lorenz curves can be obtained by adding a third parameter. Some common threeparameter models that have been used to model income and allow for intersecting Lorenz curves include the beta of the first kind (B1), the beta of the second kind (B2), the Dagum (DAGUM) , and the SinghMaddala (SM) distributions. Thurow (1970) used the B1 to explore explanatory factors associated with the distribution of income for whites and blacks in the United States. Chotikapanich, et al. (2010) used the B2 to analyze global income inequality. Dagum's (1977) distribution was based on theoretical foundations and provided a significant improved fit in many applications. Singh and Maddala's (1976) distribution also provided an improved fit relative to the two-parameter models previously considered.
The generalized gamma (GG) is another three-parameter model that permits intersecting Lorenz curves and yields improved fit relative to the lognormal and gamma distributions.
The generalized beta of the first and second kind (GB1 and GB2, respectively) are four-parameter 3 models that include each of the previously described models as special or limiting cases. McDonald (1984) provided an early reference to the GB1 and GB2 and its special cases, along with applications.
Distributional characteristics, such as moments and the Gini, Pietra, and Theil measures of inequality, can be expressed in terms of the distributional parameters. Other distributions, such as the double-Paretolognormal distributional distribution which have desirable properties and provide an excellent fit to empirical fit to empirical data (Kleiber and Kotz (2003) , Reed and Jorgenson (2004) , and Reed and Wu (2008) ), have been recently explored, the focus of this paper will be restricted to The GB1 and GB2 and its special cases.
There is a substantial literature describing the properties, estimation procedures, and applications of these distributions. Kleiber and Kotz's book (2003) provides an excellent summary of these issues and includes more than 500 references to the theoretical foundations and diverse applications of these and other distributions in economics and actuarial science.
Maximum likelihood estimation is a common method of estimating the parameters of income distributions, although other methods have been used. Income data is often reported in a grouped format.
Estimation with grouped data can be performed by maximizing a multinomial likelihood function or minimizing a Chi-square goodness of fit statistic. Other estimators may be obtained by imposing restrictive assumptions (such as assuming that the observations appear at the midpoint of an income group) or by top coding-both of which ignore intra-group variability. These restrictions can impact estimator precision. Gastwirth (1972) studied the impact of grouping on estimating the Gini coefficient by deriving upper and lower bounds on the Gini coefficient. The lower bound assumes all incomes in an interval equal the average income, and the upper bound corresponds to distributing the income to maximize the spread within each group. McDonald and Ransom (1981) demonstrated that a failure to take account of sampling variation can lead to misleading results.
More recently, continuous income data have become increasingly available and have expanded possible estimation methods and analysis. These data include information drawn from the US Census 4 Bureau, Current Population Survey, and other sources, and they are readily available on the Internet. The use of continuous observations yields more accurate estimation of such descriptive statistics as skewness, kurtosis, and Gini coefficients.
In this paper we explore the ability of the GB1 and GB2 distributions to model skewness and kurtosis. While many of the theoretical results are available in different sources, we summarize, clarify and expand on previously known results, and derive new skewness-kurtosis spaces for the GB1 and GB2
distributions. In addition, we present previously unknown relationships between the skewness-kurtosis spaces for different distributions. We apply the results to the Luxembourg Income Study (LIS) for thirteen countries, three definitions of income, and two time periods. The GB2 provides the flexibility to model the observed skewness and kurtosis levels in the cases considered.
The next section summarizes basic characteristics of a number of popular distributions of income (for models of positive income only). Their respective skewness-kurtosis spaces are described in the Appendix. Some new results, corrections to previously published results, and known results are given.
Section 3 reports the observed skewness and kurtosis values for different countries, definitions of income, and time periods and compares them to the permissible values based on the distributions considered.
Section 4 summarizes our findings.
THE MODELS
Since many of the most commonly used models for the distribution of income are special cases of the generalized beta type 1 (GB1) and type 2 (GB2) distributions, we begin by defining them, their moments, and some of their special cases.
The GB1 and GB2 probability density functions (pdfs) are defined by ( ) ( ) ( )   1   1 1  /  ( ; , , , ) , 0 , 
The Pareto distribution can be viewed as a special case of the GB1: (Kleiber and Kotz, 2003) .
The beta of the second kind (B2), used by Chotikapanich, et al. (2010) , is another three-parameter special case of the GB2: The generalized gamma (GG) was used by Kloek and Van Dijk (1978) ; Taillie (1981); McDonald (1984) ; Atoda, Suruga, and Tachibanaki (1988); and Bordley, et al. (1996) to study the income distribution in a number of different countries. The GG pdf is obtained from the GB2 by taking the following limit ( ) The moments for the LN and PF are given by
Equations for the Pietra, Theil, and Gini measures of inequality expressed in terms of the distributional parameters have been derived by various authors and are summarized in Kleiber and Kotz (2003) and McDonald and Ransom (2008) for the LN, GG, GB1, GB2, and special cases.
The purpose of this paper is to consider the ability of these distributions to model observed combinations of skewness and kurtosis arising in different income studies. We use the standardized skewness and kurtosis measures respectively defined by In the Appendix, we give upper and lower skewness-kurtosis bounds for the GB1 and GB2, summarize and expand on previously reported results, and provide explicit expressions for the bounding curves. values greater than -2, the GB2 lower bound is above the GB1 lower bound; however, the GB2 upper bound lies above the GB1 upper bound. While not obvious from the figure, the Pareto curve is contained in the B2 and GB2 spaces, but it lies above the upper bound for the more general GB1 distribution for skewness values exceeding 3.5. This is possible since the Pareto is a special case of the GB1 with a = -1, whereas the GB1, GB2, and their special cases correspond to
a ≥
The Pareto also has a vertical asymptote at skewness of 7.07. 
The "L" subscript represents the lower bound and the "U" subscript represents the upper bound for the respective distribution's skewness-kurtosis space.
As most studies of income distributions employ special cases of the GB2 distribution, it is instructive to focus on the skewness-kurtosis spaces for the GB2 and its special cases, which are depicted in Figure 2 . The GB2 upper bound lies above all of the upper bounds of its special and limiting cases. 
Note: The "L" subscript represents the lower bound and the "U" subscript represents the upper bound for the respective distribution's skewness-kurtosis space. We now consider an application of these models to actual income data and investigate which pdfs are sufficiently flexible to accommodate observed skewness and kurtosis values.
EMPIRICAL APPLICATION: LUXEMBOURG INCOME STUDY DATA
Household income data were obtained from the Luxembourg Income Study (LIS) database for 13
countries. The income measures we considered were earnings, gross income, and disposable income. server to calculate the sample size, mean, variance, skewness, kurtosis, and Gini coefficient for each country, income definition, and year. Another advantage of using LIS data is that the income variables are continuous, not grouped, which makes the calculation of these measures more accurate. large as the next reported value, which greatly affected skewness and kurtosis; hence, the observation was dropped for all our analyses (see notes to Table 3 ). As measured by the Gini coefficient, transfer payments and taxes result in a more egalitarian distribution in ten of the thirteen countries considered, with only Australia, Taiwan, and the UK having similar Gini coefficients for earnings and disposable income. In all cases, taxes applied to gross income resulted in smaller Gini coefficients; however, the decrease in Switzerland and Poland was quite small. included in each of skewness-kurtosis spaces considered. While maximum likelihood estimators would not match sample and theoretical moments (as would method of moments estimators), these results shed light on the relative ability of the different pdfs to accommodate the observed distributional characteristics in the data considered. Only 3 of the 78 (3.85%) cases fall in the B1 skewness-kurtosis space; whereas, the B2 space includes 66 of the 78 (84.62%) cases considered. The Dagum clearly outperforms the Singh-Maddala distribution, accounting for all but one of the observations. Although the GB1 lower bound lies below the GG lower bound, the two distributions perform equally as well (none of the data points fall in the GB1's extended region). 
SUMMARY AND CONCLUSIONS
The ability of some popular income distributions to model distributional characteristics was investigated. The GB1 and GB2 skewness-kurtosis spaces were evaluated, and prior results on the spaces for the Pareto, lognormal, gamma, Weibull, generalized gamma, Dagum, Singh-Maddala, and beta distributions were given, expanded on, and compared. Of the models considered, the GB2 allowed for the highest kurtosis values for positive skewness, which appears to be important in modeling the distribution of income. The skewness-kurtosis values observed for thirteen countries, three definitions of income, and two time periods were able to be modeled by the GB2. Of the three-parameter models, the Dagum performed the best and nearly as well as the more general GB2.
APPENDIX: SKEWNESS-KURTOSIS SPACES FOR SELECT DISTRIBUTIONS

A.1. Skewness and kurtosis equations
The evaluation of feasible skewness-kurtosis combinations is facilitated by analyzing a reparameterization of the standardized skewness and kurtosis given above: 
4<p (Kleiber and Kotz, 2003) .
Power function curve:
The feasible combinations of ( ) (Vargo, et al., 2010) .
Log gamma curve:
( ) ( ; , ) ( ; , )/ , LGAM y p GAM n y p y β β = l 1 y < (Kleiber and Kotz, 2003) . Farebrother, 1990) .
Lognormal curve: (Kleiber and Kotz, 2003) . (Rodriguez, 1977) .
B1 space:
Upper bound:
, corresponding to the gamma for positive skewness and the mirror image for negative skewness (Vargo, et al., 2010) . The limit of the B1 as q → ∞ is a gamma pdf.
Lower bound:
2 2 1 1 γ γ = + , the boundary for all distributions (Johnson and Kotz, 1995; Vargo, et al., 2010) . , corresponding to the gamma, the limit of ( )
as q → ∞ (Vargo, et al., 2010 ).
Dagum space:
Upper bound: • Positive skewness: ( )
, DAGUM γ γ with p = 1 and a >4 (Tadikamalla, 1980) .
, DAGUM γ γ with 0 p → and a varying (Tadikamalla, 1980) . This bound is numerically equivalent to the power function curve.
Singh-Maddala space:
Upper bound: (obtained using Mathematica).
Positive skewness: ( ) ( )
γ γ γ γ = with q=1 and a>4 (Rodriguez, 1977) .
Lower bound: Use the Weibull curve, which corresponds to the limit of the SM as q → ∞ (Rodriguez, 1977) , with the bounds intersecting at ( )
, γ γ = (-1.14, 5.35).
Generalized gamma space:
Bounds for the GG with 0 a ≥ were found by using the GG skewness and kurtosis equations to optimize 
GB1 space:
Bounds for the GB1 with 0 a ≥ were found by using the GB1 skewness and kurtosis equations to optimize 2 γ subject to different values of 1 γ and to optimize 1 γ subject to different values of 2 γ .
Relationships with bounds for other distributions were investigated and various limits were evaluated. To confirm these results, skewness-kurtosis points were calculated for over a million different combinations of parameter values and then plotted.
Upper bound:
• Negative skewness: ( , LGAM γ γ from (-2,9) to (0,3).
• Positive skewness: ( 
GB2 space:
Bounds for the GB2 with 0 a ≥ were found by using the GB2 skewness and kurtosis equations to optimize 2 γ subject to different values of 1 γ and to optimize 1 γ subject to different values of 2 γ .
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Relationships with bounds for other distributions were investigated, various limits were evaluated, and for the upper bound for positive skewness Padé approximations were used. To confirm these results, skewness-kurtosis points were calculated for over a million different combinations of parameter values and then plotted.
Upper bound:
• Negative skewness: ( ) 
